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Abstract. We study Dirac-harmonic maps from a Riemann surface to a sphere 
S" . We show that a weakly Dirac-harmonic map is in fact smooth, and prove that 
the energy identity holds during the blow-up process. 



1. Introduction 



Let M be a compact spin Riemann surface, EM the spinor bundle over M and 
N a compact Riemannian manifold. Let be a map from M to N, ip a section 
of the bundle EM ® <p~ 1 TN. Let V be the connection induced from those on EM 
and <fr~ 1 TN. The Dirac operator If) along the map is defined by pip := e a ■ V ea ip, 
where e±, e<i is an orthonormal basis on M. We consider the functional 



The critical points (0, ip) are called Dirac-harmonic maps from M to N (these maps 
were first introduced in our companion paper [3] were also further background and 
motivation are provided). When ip vanishes, we obtain the standard energy func- 
tional whose minimizers are harmonic maps. In other words, here we are gen- 
eralizing that setting by coupling the map with a spinor field with values in the 
pull-back tangent bundle. The important point is that this generalization preserves 
a fundamental property of the energy functional on Riemann surfaces, namely its 
conformal invariance. In fact, our functional is nothing but the action functional 
for the non-linear supersymmetric sigma model from quantum field theory, with 
the only difference that here all fields are real valued instead of having Grassmann 
coefficients. This brings us back into the framework of the calculus of variations. 

Since the construction is geometrically quite natural, one should expect that this 
class of maps can yield new geometric invariants of N. Before one can address 
that issue, however, one needs to do the basic analytic work. As a first step, we 
should derive a compactness theorem. To begin this program, we consider in this 
paper the case that the target is a sphere § n , that is, in the terminology of quantum 
field theory, we consider the 0(n + 1) sigma model. Suppose that (tpk^k) is a 
sequence of Dirac-harmonic maps from M to S n with uniformly bounded energy 
E{4>k,ipk) = J M (\d4>k\ 2 + iV'fcl 4 ), then there is a subsequence which we also denote 
by ((pkiipk) such that 0^ — > weakly in W 1,2 and ipk — > "0 weakly in L 4 , and 
outside a finite set of points S = {pi,P2, • • • ,Pi} which we call the blow-up set, the 
convergence is strong on compact sets. So (0, ip) is smooth in M \ S, and it is a 
weakly Dirac-harmonic map. We show first in this paper that any weakly Dirac- 
harmonic map is smooth, and so also the present limit is smooth. At every blow-up 
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point Pi, by Sacks- Uhlenbeck's blow-up, one gets a finite number of Dirac-harmonic 
spheres (cr?,£?). The regularity of weakly harmonic maps was proved by Helein [S| 
and [7j. Another main purpose of this paper is to show the so-called energy identity: 

Wmk^E^k) = E(<j>) + ZiXiE{al); linw^^fc) = E($) + S^E^). 

The energy identity for a min-max sequence for the energy was proved by Jost ^U] > 
for Palais-Smale sequences with uniformly L 2 -bounded tension fields by Ding-Tian 
gj. For related results see jTHj, [H], [H, HHJ and [TT]. 

2. Regularity theorems for Dirac-harmonic maps 

Let (M, hap) be a compact two-dimensional Riemannian manifold with a fixed 
spin structure, EM the spinor bundle. For any X G T(TM), £ G F(SM), denote 
by X ■ £ the Clifford multiplication, which satisfies the following skew-adjointness 
relation: 

for any X G T(TM), £,77 G r(EM), where (•, -)em denotes the metric on EM in- 
duced by the Riemannian metric h a p). Choosing a local orthonormal basis {e a , a = 
1,2} on M, the usual Dirac operator is defined as: <j) := e a ■ V eQ , where V stands for 
the spin connection on EM (here and in the sequel, we use the Einstein summation 
convention). (A good reference for the spin geometry tools used in this paper is 

B2|.) 

Let be a smooth map from M to another compact Riemannian manifold (N, g) 
of dimension n > 2. Let <p~ 1 TN be the pull-back bundle of TN by <p an d consider 
the twisted bundle EM g) _1 TiV. On EM <g> ^r x TN there is a metric (■, -)-zm®tn 
induced from the metrics on EM and <f)~ 1 TN. Also we have a natural connection 
V on EM ® (j)~~ l TN induced from those on EM and <fi~ l TN. In local coordinates, 
the section ip of EM ® (j)~ l TN is written as 

where each ^ is a usual spinor on M and {c^j } is the natural local basis on N. V 
becomes 

vv> = v# ® 5^(0) + (r;. fc v<w fc ® 9^(0) 

where the T l - k are the Christoffel symbols of the Levi-Civita connection of N. 
We define the Dirac operator along the map </> as 

pip := e a ■ V £a ip 

= ® d yi {(j>) + {T) k V ea <jj){e a ■ ij k ) ® 0^(0). 

It is easy to verify that pis formally self-adjoint, i.e., 

Jm Jm 
for all ?p,£ E C°°(EM ® (fr^TN), the space of smooth sections of EM <g> ^TN, 
where (V>,£)em®™ := gij{4>W, ^)sm, for e T(EM ® <j)~ l TN). 
Set 

(2.1) #(M, iV) := {(0, if))\<pe L7°°(M, AT) and ^ G L7°°(EM <g> ^TN)}. 
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We consider the following functional 

L(0,V>) := / {\d(f>\ 2 + (V,#}sM®Tiv) 



By a direct computation, we obtain the Euler-Lagrange equations of L: 
(2.2) ^ = ^ + T) k (4>)d a ^(e a -i: k ) = 0, i = 1,2, 



(2.3) r m (0) - ii^y (0) V0* • f) SM = 0, m = 1, 2, • • ■ , n, 

where r(0) is the tension field of the map 0, V<f> 1 ■ if> J ' denotes the Clifford multipli- 
cation of the vector field V0 Z with the spinor if>°\ and R m uj stands for a component 
of the curvature tensor of the target manifold N. Denote 

We write equations (|2.2|) (|2.3j) in global form as 

/ s m = o 

(2.4) 

1 ) r(0) = K{M). 

Solutions (0, if>) of (|2.2|) and ()2.3|) are called Dirac-harmonic maps from M to N . 
When ip = 0, a solution (0, 0) is just a harmonic map. Harmonic maps have been 
extensively studied. See, for instance, two reports of Eells-Lemaire j^j- When is a 
constant map, each component of if) is a usual harmonic spinor. Harmonic spinors 
also have been well understood, see for instance [Hj, |2] and pQ. Dirac-harmonic 
maps thus are a generalization and combination of harmonic maps and harmonic 
spinors. Non-trivial examples are given in j^j. 

Let (N', g') be another Riemannian manifold and / : N — > N' a smooth map. For 
a map : M — > N, we have a map 0' = o / from M to N' . The map / naturally 
induces a map from M ® <f>~ 1 TN — > M <g> <f>'~ l TN, which is denoted by /*. Hence for 
and (0,-0) 6 <Y we get (0', G X(M,N'). if>' := /*"0 is a spinor field along the 
map 0'. 

Let A be the second fundamental form of /, i.e., A(X,Y) = (Vxdf)(Y) for any 
X, Y G T(TN). It is well-known that the tension fields of and 0' satisfy the 
following relation 

(2.5) r'(0') = A(#(e a ), d0(e a )) + df (r(0)). 

One can also check that the Dirac operators p and p' corresponding to and 0' 
respectively are related by 

(2.6) p'lf;' = Mpifj)+Ad(f>(e a ),e a -iP), 
where 

A(d(f)(e a ), e a ■ ip) := 4> l a e a ■ if) 3 <g> A(d yl ,d y3 ) 

= {v<p l -ip j )®A{d y ^d yJ ). 
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When / : N — > N' is an isometric immersion, then A(-, •) is the second funda- 
mental form of the submanifold N in N'. We have 

v^e = -P(b X) + V X Y = V X Y + A{X, Y) 

VX,F G T(TiV), £ G r(T ± A^), where T _L AT is the normal bundle, V and V 
are covariant derivatives and P(- ; •) denotes the shape operator. In this case, for 
simplicity of notation, we identify with 0' and -0 with -0'. Using the equation of 
Gauss, we have 

= g mk [(A{d y k,dyi), A(d y i,dyi)) TN > - (A(d y h,dyi),A(d y i,dyi)} TN > 
+R' kl M\V4> l -¥hM 



klijl 

2g mk (A(dy k ,d yi ), A{dy h d vj )) TNI {^\ e a ■ ^ WL 
+g mk R' mj (^,Vcj ) l -^) XM 

2g mk (P(A(d yh d y3 );d yl ), d Vk ) TN ^\ e a • V' WL + R' m uj(ip\ V0 1 • 



L klij ' 

r a q \. q \ a \ /_/.« _ _/.7 \ j. 2 i D/m /„/.i r~r ±1 _/.7' 

where in the last step we used the following relation between the shape operator 
P(- ; •) and the second fundamental form A(-, •): 

(P(£;X),r>™ = (A(X,r),£)™' 

for any I,F6 r(7W), £ G T(T ± X). Set 

P(A(d(/)(e a ), e a ■ tfj); ip) := P(A(d yh d y] ); d y ^\ e a ■ ^ j }z M <f) l a - 

From the above calculation, we have 

(2.7) K(<j>, V>) = P(A(d<p(e a ), e a -^)-^)+ K'{<f>, </>)• 

Therefore, using ()2.6|) and ()2.5|) and identifying ip with ip' and with 0', we can 
rewrite ()2.2j) and ()2.3|) as follows: 

(2.8) = ^(#(e a ),e a .V), 

(2.9) r'(0) = A(rf0(e Q ),d0(e a ))+P(^(rf0(e Q ),e a -^);^)+^ , (0,^). 

In particular, by the Nash-Moser embedding theorem, we embed N into the Eu- 
clidean space N' = WL K , and have If)' = ^ and r' = —A, where A is the (negative) 
Laplacian. Therefore, we have 

(2.10) # = A(d4>(e a ),e a -ij), 

(2.11) -A0 = A{d4,d<j>) + P(A(d(j)(e a ),e a ■ ip);^), 
where : M -> M A ' with 

(2.12) 0(x) G X 

for any x G M and ?/> = ("0 1 , ip 2 , • ■ ■ , 4> K ) with the property that ij)(x) is along the 
map 0, namely, 

K 

(2.13) s ^^Viip l {x) = 0, for any normal vector v — (v\, ■ ■ ■ ,vk) at 0(x). 

i=l 

Here t/>* G T(EM). For any vector v = (v i, t>2, • ■ • , f^) G M. K , abusing the notation 
a little bit, we write (v, ip) = Viip 1 G F(SM). And we also write for £ G r(SM) 



REGULARITY THEOREMS FOR DIRAC-HARMONIC MAPS 



5 



if there is no confusion. 
Set 

X^ /3 (M,N) := {(0,V) G W 1 ' 2 x W 1A/3 with (^T2jl and (j2~TT?jl a.e.}. 

For simplicity of notation, we denote X 1 ' 2 , 3 (M, N) by X(M, N) (thus, we are chang- 
ing the convention of (|2.1|) ). It is clear that the functional L((j),if)) is well-defined 
for (0,-0) G X(M,N). 

Definition. A critical point (4>,i/j) G X(M,N) of the functional L in Af(M,iV) is 
called a weakly Dirac-harmonic map from M to iV. Equivalently, (0, ^) G X(M, N) 
is a weakly Dirac-harmonic map from M to iV if and only if (0, ip) satisfies 



(2.14) / {(V0,V77)-(A(#,#) + P(^(#(e Q ),e a -^);^)^>} = 0, 

(2.15) / {(^|0-(i(%),e a ^),0} = 0, 
for all 77 G C°°(M, M K ) and f G C°°(SM ® M K ). 



One of our purposes of this paper is to study the regularity of weakly Dirac- 
harmonic maps. Our main observation is that when the target N is the standard 
sphere § n , a weakly Dirac-harmonic map has a special structure like a weakly har- 
monic map. For weakly harmonic maps, see jjj. 

Proposition 2.1. Let M be a Riemann surface with a fixed spin structure and 
{4>,ip) G X(N,M) a weakly Dirac-harmonic map from M to E> n . Let D be a simply 
connected domain of M . Then there exists M = (M ij ) G W 2 (D, R nxn ) such that 

(2 16) _ A 0=— ^ 

dx dy dy dx 



Proof. For iV = S n C M n+1 , the equations (|2.10|) and ()2.1H) can be respectively 
written as follows: 

(2.17) ^ m = -^(V^-V*) ® 4> m , 

(2.18) -A0 m = \d<f ) \ 2 <f ) + (tfj m ®d<P{e a ),e a -^ MmK , 

for m = 1, 2, • • • , n + 1. Set <fi a := d(f>(e a ). 

From (J2.18)) . we have for m = 1, 2, • • • , n + 1 that 
(2.19) 

A<j) m = -|d0| 2 0- + (^®d0(e Q ),e Q -V)sM^ 

----- -(C0 m - W)C + <t>Ue a ■ V*. V m )EM (as = a o l = 2^ 4 ) 

= [(d x • tf, ip m )j^M - (0L0 m - t'WM 
:= A m >^ + 5 m >;. 

We would like to show that there exists some function M mi on D such that 
(2.20) A mi = M™, 5™ = —M™ 
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which, by the Frobenius theorem, is equivalent to 

(2.21) A™ + Bf = 0. 
Calculating directly, one derives 

A rni +B rni = - ^, ^EM + (9, • «EM + H • ^^EM 

+ (dy ■ if, <)EM - (<^<T ~ 0>™ + <4<T ~ <W 

(2.22) = (0, ^ m ) SM - # m ) SM - (A0> m - A0 m l ). 
From equation (j2.18j) . one gets 

(2.23) -(A0> m - A0 m 0*) = -fy m (e a ■ ^ k ^% M + 0*0^ ■ V> m }EM, 
And from equation (|2.17j) . one obtains 

Hence 

(2.24) W^flsM - (^,# m ) S Af = 0*0 m (e Q ■ ?P k ^%M - fy l (e a • 

Putting (I2~231 and (I2~24l into (I2~22l we have (I2~2T|) . Hence we prove the Proposition. 
□ 

Theorem 2.2. Let M be a Riemann surface with a fixed spin structure. Suppose 
that (0, ip) G X(N, M) is a weakly Dirac- harmonic map from M to § ra . Then G C°. 
And hence (0, -0) is smooth. 

Proof. From Proposition 2.1 and Wente's well-known lemma (^Z|), we know that 
m is continuous, m = 1, 2, • • • , n + 1, namely, G C°(M, § n ). By Theorem 2.3 
below, we have that and -0 are smooth. □ 

Theorem 2.3. Lei (0, ip) '■ {D,S a/ 3) — *> {N n 1 g i j) be a weakly Dirac-harmonic map. 
If is continuous, then (0, ip) is smooth. 

To prove this theorem, we first establish two lemmas (Lemma 2.4 and Lemma 
2.5 below which are similar to Lemma 8.6.1 and Lemma 8.6.2 in [9 ). Since is in 
C°(D,N), we can choose local coordinates {?/;} on N such that r* fc (0(O)) = 0. In 
these coordinates, the equations for and ip can be written as 

(2.25) A0 m = -r™(0)0L0 J a + \R m ]kl {m\ V0? • ^% M , 

(2.26) # m = -r™(0)V0*-^. 

This intrinsic version of our equations is well-defined since G C°. 

Lemma 2.4. Let (0, t/>) be a weak solution of WlHty and Wlfy) . If G C° H 

H /1 ' 2 (rJ), iV) ; t/ien /or any e > 0, t/iere is a p > such that 

(2.27) / |V0| V(:r) < e [ |Vry| 2 + Cfe( / |^| V) 1 , 

JD(x lt p) JD(x 1 ,p) J D(xi,p) 

where D{x u p) cD,f|6 W M (.D(xi,p),R), C is a positive constant independent of 
e, p, and ip. 
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Proof. Denote 



G m (x, <P, d<j>) := r™(0)C<^ - \R m w{<t>) V0 J ■ ^>em, G = (G\ G\ ■ ■ ■ , G n ), 
then 



\G X \ <C(|#| 3 + |V^||VII#I), 
|Gy <C(|rf0| 2 + |^|V0l), 
|G^| <C(|#| + |V>| 2 ). 
The weak form of equation (|2.25jl is: 



(2.28) / V Q J V Q C= / G l (x,(j>,d<f>)C, 

JD J D 

for any ( G W 1 ' 2 PI L°°(D,R K ). Now we choose ((x) = (<f>(x) - 0(a;i))?7 2 (x), then 

(2.29) / VatfVaC = f |#| V + 2 / r/(0 l (x) - i (x 1 ))V a 0V a r / . 

JD(xt,p) JD(xt,p) JD(xt,p) 



We have 



D(xi,p) J D(xi,p) 



G%0,#)C = / [n,(0)^(^(x) - ^On))^)] 



D(si,p) 5 





.(x) 


-0(^)1 


/ 

>D{x 1 ,p) 


l#IV 


+C N Sup Dixi>p) \(f) 


(x) 


-0(zl)l 


( 

D(x u p) 




Cn£iSup d(x1:P) \4 


{x) 




1 

, D{x 1 ,p) 


l#IV 


+C N Sup D{xup) \(p 


(x) 


-0(*l)l( 


! 

JD(x!, P ) 


|d0l 2 )^ 


x([ my; 

JD(xi,p) 


1 

I 3 , 









(2.30) 

where E\ > is a given small number. On the other hand, 



2/ 7 7 (0 i (x)-^(x 1 ))V a 0V^ < CjvSup^^l^^-^xi)! / |#||Vt7|77 

JD(x u p) JD(x u p) 

1 



V + 8Sup D(x . liP) |0(x) - 0(xi)p 

D(a;i,p) 



< 

~ 2 

(2-31) x / lVr/1 2 . 

JD[xi,p) 

Substituting (12221, (l2 ~30l and (l2~3TJ) into and choosing p small enough then 

yields (l2~27j) . □ 

Lemma 2.5. If (ft E C° D W 1A H W 3 ' 2 (D(x , R), N) and {(j>,ip) is a weak solution 
of \2.2di) . \2.2b]) . then for R sufficiently small, we have 

(2.32) ||V 2 0|| L 2 (D(:cOii?/ 2)) + \\d<f)\\ 2 L 4( D ( X0tR/2 ^ < Ci||d0|| L 2 (D(xOii?)) , 



8 QUN CHEN, JURGEN JOST, JIAYU LI, GUOFANG WANG 

where C\ > is a constant depending on \<P\c°<d,n) an d R- 

Proof. We may assume Xq = G D. Given e' > small, since <fi is continuous, we 
can choose R small enough such that \<f>(x) — 0(0) | < e' for all x G D(x ,R). For 
simplicity, we denote B := D (xq , i?) . From equation (J2.26j) we have 

W\ < |r* fc (0(a;)) - rJjfeC^WMcZ^II^*! < CWl0(a;) — ^(O)||cZ0||^|, 

hence 

(2.33) 1^1 < C N e'\d(f)\\ip\ 

Noting that = rj^tp + Vr? ■ ip, we have 

Il#(^)||r4/3(B) < ll^llrV3 ( B) + II Vr/ • ^|| X 4/s (fl) 

< CV|||#| l^hlLvsfB) + ll|Vr/||^||| L 4/3 (B) 
(2-34) < C^II^II^^II^I^IU^) + |||V»7|MIUs(B). 

By the elliptic estimates for the first order equation, we have 

(2.35) ||V(^)ILv3( B ) + WMl^b) < C R \\^ V )\\ Li/KB) . 

A proof was given in Lemma 4.8 in [Hj. By choosing R small enough such that 
CN£'\\d(fi\\L 2 (B) < |, we obtain from ()2.34|) and ()2.35|) that 

(2.36) ||V(^)|| L 4/3 (B) + ||^|b(B) < C R \\\Vv\m\ L m ( B), 
from which we easily derive that 

(2.37) \\W\v\\l^(b) + WMlHb) < CfllllV^HVIIL^B). 
For any C G Wq' 2 (B,R k ), 



(2.38) / V0VC = - / A0C = / GC, 

Jb Jb Jb 

Choosing ( = V 7 (£ 2 V 7 0), where £ G C°° H Wq 2 (B, R) is to be determined later, we 
get 

/ V 7 (V^)V^(^ 2 V 7 0) = - / V^V^(V 7 (e 2 V 7 0)) 
Jb Jb 

~ [ GV 7 (£ 2 V 7 0) 
Jb 

(2.39) = / V 7 GV 7 0£ 2 . 

Jb 

Note that 

V 7 (V^0)V /3 (e 2 V 7 0) = I V 7 VWf£ 2 + (V 7 V^V 7 0) v^e 2 

(2.40) > iv 2 0i 2 e 2 -2|v 2 0ii#nevei, 

and 

|V 7 GV 7 0| < C^(|d0| 4 + H|V^||d0| 2 + 

(2.41) +|V 2 0||^r+|V 2 0||^||^| 2 ). 
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Substituting (l2~47H) and flZSiP into (I2~3H1) yields 

ivviT < cw f ivvi i#i imi + c N J B \v 2 <j>\\d<t>\ 2 e 

+c N I \d<f>\*e+c N [ miwii^iv 

Jb Jb 

3L/,|2c2 i ^ / |V72 ± I |J ± I L/,|2t2 



+cw / i^nvrr+Civ / iwii^imv 

(2.42) := I + II + III + IV + V + VI. 
For £j > small, we have 

(2.43) i < [ iv 2 0i 2 e 2 + ^ / i#rivei 2 , 

Jb e i Jb 

(2.44) // < C Nei [ | V 2 0| 2 e 2 + ^ / M0| 4 e 2 . 

Jb e i Jb 

Choosing r) = \dcj)\£ in (|2.37|) . we obtain 

(2.45) iiivvii#i£ii J(B) + w\m\\wm < ciiv(i#ie)^in^ (B) - 

Because 

l|V(|#|OHI| 2 | (B) < 2|||V 2 0|^ll!;4 (B) +2|||#||Ve|^||| 2 |(i?) 

< 2([ |V 2 0| 2 e 2 (/ H¥ + 2(/ |rf0| 2 |Ve| 2 )(/ H 4 ) 
Jb Jb Jb Jb 

(2.46) = 2{f |V 2 0| 2 e 2 + / |#| 2 |V£| 2 ), 

Jb Jb Jb 

choose R > small enough such that 

(2.47) C 2 m&x{2C N ,C 2 N } [ |^| 4 < ~ 

Jd(x ,R) 8 

we get 



JV < ^|||v^||^|eil L | (B) ||^|^ieiU^) 
< ^c 2 ||v(|#|£)MII 2 4 (B) (by©) 



< 2C^C7 2 (/ |^| 4 )ii 

jb 



|v 2 0| 2 e 2 + / |#| 2 |V£| 2 ) (by(E3SD: 

JB 



(2.48) < lj B \^\ 2 e+lj B \d<p\ 2 m 
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Similarly, we can estimate the terms V and VI as follows. 

V < C n£i 



B 



< C K e,(j \v\ A HI MVHV)^ 



< C N e 1 



B 



£ i Jb 

u £ i Jb 

2 , C N 

4 , ' 

L3(B) E X 



4^2 



c^m\m\\ 



4 e (bytEia: 



B 



< 2C N C*e 1 ([ \^)([ |V 2 0| 2 £ 2 + / |#|W) + — / \d<j>n 
Jb Jb Jb e i Jb 

(2.49) < lJ B \^\ 2 f+lJ B M 2 m\ 



2 , Cn 



e i Jb 



4 e, 



and 



vi = c N cvviocmwio 

' B 



< 



1 

< - 

~ 2 
1 

< - 
~ 2 



B 



B 



B 



< 



1 



(2.50) 



1 

< - 
2 



B 



B 



,4,^,2^2 



B 



c 2 |v(|#|0IVII 



1,3 (S) 



vvre 2 + ^c 2 (/ i^r)(/ iv w + 



B 



v 2 0i 2 e 2 + ^ivm 2 + i | b i#iw. 

Putting (jHHD , (E31, (EH, (EH) and (lz~o7IJ) into (f2~l2l) gives 
(2.51) / |V 2 0| 2 e 2 <C(/ 

JD(xn,R) Jl 



D(x Q ,R) 



D(x ,R) 



Now for e > 0, let p > be as in Lemma 2.4, and with D(x±, p) C -D(:eq, R), choose 
a cut-off function £ G C™(D(xi, p)), < £ < 1 such that 

£=1 in £>(a;i,£); |Vf| < - in D(x 1;P ), 
z p 

denote _B p := D(xi,p) for simplicity, one derives 



4^2 



B fl 



l#l 2 (l#IO s 



B 



< 5 / |V(|#|£)i 2 + C £ ( 



|4 |rf^| 4 ^ 4 )^ (by Lemma2.4) 



b„ 



< e |VVrr + e/ |^r|V£| 2 + C7e( / HWC) 



B 



it follows from ()2.45j) that 



|||^li#|£|b(B p )<C||V(|#|£)iV||| 



L3(B p )' 
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then, by an argument similar to the one used in the proof of ()2.46|) . we can get 



m\dm\l H B p) <2C 2 ([ |V 2 0| 2 e 2 +/ |#| 2 |V£| 2 ), 

J B n J B J B o 



thus, 



4 e < e 







JB P 





+Ce{[ \V 2 <j>\ 2 e+ [ |#| 2 |V£| 

JBn JB 



(2.52) = C"e{ |V 2 0|T+ / |d0| 2 |V£| 2 ). 

J Bp J Bp 

On the other hand, by (|2.51|) . we have 

(2.53) f |V 2 0| 2 £ 2 < C( [ \d<P\ 2 \Ve+ [ \d^ 2 ), 

J Bp J Bp J Bp 

substituting (jg32D into (|233j) yields 

J Bp J Bp 

hence, 

(2-54) / |V 2 0| 2 < % 



P JD{x u p) 



Covering D(x , f ) with {D(x u §)} and using (1234]) we obtain (l2~32l . □ 
Now we are in the position to give the 

Proof of Theorem 2.3. First, we show that <p e W 2 ' 2 n W 1A (D(x , f ), N). This can 
be done just by replacing weak derivatives by difference quotients in the proof of 
Lemma 2.5. Denote 

. h , , % <t>(x + hEj) — Six) , „ , . „ , ., 

where (£ x , E 2 ,-- - , E K ) is an orthonarmal basis of R* ftGl A ft := (Af, A£, - • • , A^). 
Let C := A^(^ 2 A!j0), then, similar to (EToTJ) . we have 



(2.55) / |V(A h 0)| 2 e 2 <C [ \A h <j)\ 2 \Vt\ 2 + C [ 

JD(x ,R) JD(x ,R) Jl 

Since (cf. j3|, p.382) 



iv^nAVir. 

D(x ,R) 



C 



[ |AV| 2 |V£| 2 <C I |V0| 2 |V£| 2 , 

J D(x (u R) JD(xa,R) 



)(x Q ,R) JD(x ,R) 

applying Lemma 2.4 to the right hand side, we obtain the following estimate anal- 
ogous to (|2~K4]) : 

|V(AV)| 2 f < C 



' P 2 Jd(x!, p ) 



from which it follows that the weak derivative V 2 exists and (|2.32j) still holds true 
with p sufficiently small and C\ > which depends on \4>\c°(d,n) and p. 
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Next, since G W 2 ' 2 , we have that G W 1,p for any p > 0, thus, the right hand 
side of f!2.26|) is in L p (p > 2), so ip G C ' 7 for some 7 > 0. By the elliptic estimates 
for the equation (J2.25|) . we have G W 2 ' p for any p > 2, thus G C 1 ' 7 . By the 
elliptic estimates for the equation (J2.26)) . we have ip G C 1 ' 7 . Then the standard 
arguments yield that both and ip are smooth. This completes the proof. □ 

3. Energy identities 

First, using the elliptic estimates, we can establish the following vanishing theorem 
which will be used later in obtaining the energy identities, and in which we see 
that the W l,2 -norm of and L 4 -norm of ip play an important role in the analytic 
properties of and ip. We note that these two norms are conformally invariant. 

Theorem 3.1. Let (M 2 ,h a p) be a compact Riemann surface with a fixed spin 
structure, and (N n ,gij) be a compact Riemannian manifold. There is a constant 
Eq > small enough such that if ((f), ip) is a smooth solution of \2.2}) and \2.'J\) 
satisfying 

(3.5) / (|#| 2 +H 4 )<e , 

J M 

then cf) is constant and consequently <^ip l = 0, % — 1, 2, • • • , n. 

Proof. In the sequel, we write || ■ \\D,k,p for the L fc ' p -norm on the domain D, and 
if there is no confusion, we may drop the subscript D. Embed N into some M. K 
isometrically, then from the 0-equation (j2.11j) we have 

|A0| < \\A\Ud<f>\ 2 + C N \d<f>\\il>\ 2 , 

where Cm > is a constant depending only on N, \\A\loo := max N \A\. It follows 
from the above inequality that 

||A0|| Oj| < PlUll^llo^ + C^lll^llVf || ,| 

< CXII#llo,2+IMIo,4)ll#lk4 

< C'(||#||g i2 + ||V||y||#||l,4/3. 

If f M (\d(j)\ 2 + |^| 4 ) < e for small £ > 0, then = const. From equation (|2.1(J|) . we 
have <j!)ip l = 0, i — 1, 2, • • • , n. □ 
Now we prove the small energy regularity. Since the problem is local, we assume 
that M is flat. 

Theorem 3.2 (e— regularity theorem). There is an Eq > such that if (0, tp) : 



(D,5 aj 3) — > (N,gij) is a C°° Dirac-harmonic map satisfying 

(3.6) / (|d0| 2 + H 4 )<e o , 

Jd 

then 

(3-7) ||#|| 5il>p <C(Ap)||#|| AOi2 , 
(3-8) \\Vn^ p <C{D,p)U\\ D>QA , 
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(3.9) HWH 

C°(D) 

<C{D)U\\ D,0,4, IIV'llcO(D) <c{D)\\n D,0A 
\/D C D,p > 1, where C(D,p) > 1 is a constant depending only on D and p. 

To prove this theorem, we first estimate \d<p\. 

Lemma 3.3 There is an 6q > such that if (4>,ip) '■ {D,5 a p) — > (N,gij) is a C°° 
Dirac-harmonic map satisfying A3. 6)) . then 

(3.10) IHIdm,4 < CiD 1 )^, \/D l with PAcD, 
where C{D 1 ) > is a constant depending only on D 1 . 

Proof. Choose a cut-off function r\ : < r\ < 1, with T]\b^ = 1 and Supp?? C D. By 
()2~TT|) we have 

|A(#)| < Cd^l + I^D+PIUI^KIrf^l + I^D + lr/al 
< ||A|U#||d(#)| + C{\(j>\ + \d(j>\) + \ V a\, 

where a := P(A(d(p(e a ), e a ■ i/j); thus, for any p > 1, 

(3.11) ||A(#)|| 0jP < ||A|| oo |||d0||d(#)|||o, p + C||0|| 1 , p +||r7a|| o , p . 

Let p = |, and without loss of generality we assume J D = so that < 
C'\\d(f)\\o >p , then 

pluiii^ii^iiio^^piuii^iiMii^iio^, 

from this and 1)3.11)) we have 

ll#ll 2> | < Cdl^llooll^H^ll^llo^ + ||#|| 0j | + IMkf )• 

Bythe Sobolev inequality, ||?70||i,4 < C"||^0|| 2 ii, so, 

(3-12) (C- 1 - C||A|U|#|| 0)2 )||#|| M < C(||#|| 0)| + ||Hlo,f), 

moreover, 

IMIo.f ^ CjvIHV'H^IIIo.I 

= C JV |||V'| 2 |c?(#) - 0^|||o,| 

< C|||^| 2 |d(#)lllo,| + ^lll^ri0ll^lllo,| 

putting this into ()3.12)) we get: 

II^IIm^^II^IIo.i + v^II^IIm+II^IIm), 

which yields 

||#|| M <C(||#|| 0)| + ||^||g )4 )<2V^C. 

□ 

Next we estimate ip. 
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Lemma 3.4. There is an Eq > such that if (<f),ip) : (D, 5 a/ g) — > (N,gij) is a C°° 
Dirac-harmonic map satisfying hS. 6\) . then 

(3.13) U\\ D ^, q <C{D 2 )\\^\\ D ^, Vg>l, \JD 2 with TP C D, 

where C(D 2 ) > is a constant depending only on D 2 . 

Proof. Choose a cut-off function rj : < rj < 1, with rj\ D 2 = 1 and Suppr/ C D. 
For any % = 1, 2, • • • , n, ip l is an ordinary spinor field, and := r/^ 1 has compact 
support in .D, so, by the well-known Lichnerowitz's formula, we have 

= -AC + \rC = -Af 
because the scalar curvature R = on D. Integrating this yields 

f ivei 2 = / we? 

J D J D 



D 
L) 

2 1 2 1 / |5J„/,i|2> 



>D J D 



< c{ w\ 2 + c WW), 

>D J D 



hence, 



|Ve|| A 0,2 < C(||^|| DA2 +||^|| 2 D ,o,4|I^IId,0,4) 

< C||^|| A o,4(i + ||#Hao,4) 

< C"||V|ko,4, 



from which it follows that 

I D 2 ,0,q < C||V>||d,0,4- 



□ 

Lemma 3.5. There is an e > such that if ((f), ip) '■ (D,5 a p) — > (N,g,ij) is a C°° 
Dirac-harmonic map satisfying IIS. 6]) . then 

(3.14) ||#||d 2 ,o,4<C(L> 2 )||#|| AO)2 , \/D 2 with TP CD, 

where C(D 2 ) > is a constant depending only on D 2 . 

Proof. Choose a cut-off function 77 : < 77 < 1, with r]\ D 2 = 1 and Suppr/ C D. By 
d3H2J), we have 



||#lki,4 < C(\\d<f>\\ D>0 * + \\va\\ Dt0 *) 
< C(\\d(j)\\ D ,o,2 + \\voc\\ 
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and it is clear that 

IMkcf < cIIIV'I'I^IIIdai 

< c(f \d<f>\^ 

J D J D 

< C||V||d,o,4||^IId,o,2, 

therefore, 

||#||D,1,4 < C\\d(f>\\ Dj0t2 . 

□ 

Proof of Theorem 3.2. Choose D C D 3 C D 2 C D 1 C D. Also choose a cut-off 
function r\ : < r\ < 1, with 77(^3 = 1 and Suppr? C -D 2 . By (|3.11|) on Z} 2 for p = 2 
(we temporarily assume J" D2 = 0): 

||#||^,2, 2 < C[\\A\\^\\d(r)<p)\\ D 2 A 4\d<f)\\ D 2 fi4 + 11011^,1,2 + || 11^,0,2] 

< CdlAHooll^llo^ll^IlD^ + 11011^,1,2 + IMlL^sll^lbw)- 

Since 

WvHdma < cp 2 )||#|| o2 , 2) | < c||#|b 2 , 2 , 2 , 

using this and ()3.10|) we otain 

PI|oo||??0||i}2,l,4||d0||D2,O,4 < C'v^HAll 

which yields 

(1 - CC V^||^|U)||#||^,2 )2 < C(||0|| D2 ,1,2 + \ml2,0,8\\d<P\\ D 2 fiA ) 

< C||0lbM,4, 

therefore, 

11011^,2,2 < C||0lbM,4 < ||#b 2A 4- 

By the Sobolev inequality, we have 

(3.15) ||#||D3 )0l p < C\\d<f>\\ D2i0A , Vp>l. 

This also holds for without J D2 = 0. 

Now for D C -D 3 , as above, we choose a cut-off function rj : < 77 < 1, with 
77 1 73 = 1 and Suppr/ C -D 3 . By (J3.11j) on D 3 for any p > 1 (we again temporarily 
assume J D3 = 0) we have: 

H#||d3,2,p <C[||A|| oo |||d0||d(770)||| I? 3 ) o, p + ||0|b3, liP + |||^| 2 |#llk 3 Ap]. 
Using (j3.15j) . we obtain: 

|||d0||d(#)||| O 3, o , p < ( / \d^ < c\\d<t>\\l^ A < ^11^11^,0,4 

and 

invi 2 i#iib3,o, P = (/ M 2p i#n* 

Jd 3 

< (||^||d3,0,4p) 2 ||#I|d«,0,2 P 

< C||d0|| D2 , O ,4, 

we conclude that 

\\V(t>\\D3,2,p < C||d0|| D 2 A4 , 
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from which and ()3.14j) it follows that 

U\\D^ P <C\\d^ flA <C\\d^ Dfit2 . 

Clearly, this also holds for cf) without j D3 = 0. Now let us give the estimates for if). 
By Lemmas 3.4 and 3.5, for D 1 C D, the following estimates hold 

(3-16) ||Vlb\o,p<C||V|ko,4, 



(3.17) \\d<f>\\ D \i, P < C\\d<p\\ Dfi ,2. 

On the other hand, for D 1 C D, by an argument similar to the one used in the proof 
of Lemma 3.4, we have 

(3.18) 1^^11^,0,2 < C||V|| A o,4. 
Computing directly, one gets 

1 

2 

from which we have 



(3.19) +r) k ^ k + 2r;. fc ev e > fe = o. 

For any r] G C°°(D, R) with < rj < 1, we have 

(3.20) |A(#)i < cm + iwi + m*vi>\ + |V 2 0IM + |#||VV|), 

on D 2 C D l . Choose a cut-off function rj : < r] < 1, with r)\j)2 = 1 and Suppr/ C 
D 1 . For any p > 1 we have 

\\v^\\d\2, p < C r p[||^lbi,o lP +l|VV'|bi,o 1 p + |||#ri^l||iJi,o J , 
(3-21) +11 1 V 2 0| 1^1 \\di,o, p + II |#| I VV| \\d\ , p ]. 

Let p = f , by (|3~THjl . (l3~T7jl and (jSUl), we obtain 



+ ||V 2 0|| d i,o, 2 ||^I|di,o,4 + ||#||Di,o,4||V^|bi A : 

< ^11^1^,0,4, 



D 2 ,2, 



from which it follows that 

(3-22) ||VlbM,4<C||V>|ko,4, 
and consequently, 

IM|c°(r>2) < C\\l/j\\ DfiA , 

This proves the second inequality in ()3.9|) . 
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Now for D 3 C D 2 , choose a cut-off function 77 : < 77 < 1, with i]\d3 = 1 and 
Suppr? C D 2 . By (I3.2f J) on D 2 for p = 2 we have: 

||#||d3,2,2 < CfllV'llw + II W||D2,0,2 + || \d<j>\ VI 11^,0,2 
+ |||V 2 0|^|||^,O ) 2 + |||#||VV||b2 jO) 2] 

< C[||V||d2,0,4 + H-011^,0,4 + ||^||^,0,8ll^lb 2 ,0,4 

+ 11 V 2 0|| D 2 A4 ||^|| fl2iOi4 + ||#|b w ||VV|| D 2 ,0,4j 

< G||V|| A 0,4, 

consequently, 

(3.23) U\\DM, P <CU\\ DflA , Vp>l. 

We again use (j3.21|) on 7J 3 for a cut-off function 77 : < 77 < 1, with 77^ = 1 and 
Suppr? CD 3 . By fl3~l7)J) (EHTI) (ETTHJ) and (ET%ty we have: 

||#lb3, 2)P < C|^|| A o,4, Yp>l. 

that is, 

\\vi>\\ B> i, P <c(D, P )u\\ Dj0>4 . 

We therefore obtain 

||V^|| <C{D)U\\ 

0,0,4- 

This proves the first inequality in ()3.9j) . □ 

Theorem 3.6 (Energy identities). Let {(0fc,-0fc) : M — ► S n } 6e a sequence of 
smooth Dirac-harmonic maps with uniform bounded energy: 

E(<j) kl ip k ) < A < +00, 

and assume that ^fc)} weakly converges to a Dirac-harmonic map (<p,ip) in 
W 1,2 (M, § n ) x L 4 (EM®R n+1 ), i/ien ine blow-up set 

S := n r>0 {x e Mlliminffe^oo / (|d0 fc | 2 + |^fc| 4 ) > £0} 

a /mrfe sei of points {p±,P2, • • • ,P/} ; and tnere are a subsequence, still denoted by 
{(0fej ^fe)}; an< ^ a finite set of Dirac-harmonic maps {a\, £|) : § 2 — > § n , i = 1, 2, • • • , J; 
I — 1, 2, • • ■ , Lj stzcn inai 

(3.24) lim fe _ 00 E(</) fc ) = £(0) + Zl^Zf^Eial), 

(3.25) linw£(^) = + E^Efi^^), 

w/tere e is as m Theorem 3.2, E(<f) k ) := J M |d0 fc | 2 , -E(^fc) := j M \4> k \ 4 , E(<p k ,if) k ) : = 

Proof. Since E((f> k , ij)k) < A < +00, the blow-up set S must be finite. So we can find 
small disks Ds i for each pi such that n D$ = for i ^ j, i,j = 1, 2, • • • , I. On 
M \ Ui^Dst, V'fc)} strongly converges to (<f>,if)) in W 1,2 x L 4 , so equivalently 
we need to prove that there are Dirac-harmonic spheres (o"j,£j) : S 2 — > B> n ,i = 
1, 2, • • • , I; I — 1, 2, ■ ■ • , Li such that 

(3.26) E^lim^ohm^E^; D s .) = E^Efi^^), 
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(3.27) S[ =1 lim 5 ^ lim^ oo E(^; D 5i ) = E^Efi^). 

In fact, we will prove for each i = 1, 2, • • • , / that there exist Dirac-harmonic spheres 
(a\, Z\) : S 2 -»• S n , I = 1, 2, • • • , Li such that 

(3.28) lim^ o lim fe _ OOJ E(0 fc ; D$) = £f =1 £(<7 Z ), 

(3.29) lim^ohm^ooE^; D s ) = £f =1 £(f'), 

where, for simplicity, we have dropped the subscript i of Dg t , Lj etc. and denote pj 
by p. Certainly, in each Ds there is only one blow-up point p. 

Let us first prove (|3.28|) and (|3.29|) for the case that there is only one bubble at the 
blow-up point p. Then, we need to prove that there exists Dirac-harmonic sphere 
(a 1 ,^ 1 ) : § 2 -> § n , such that 

(3.30) lim (5 ^ o lim fc ^ oo E(0 fc ; D s ) = E^ 1 ), 

(3.31) Hm^olim^oo^^; D s ) = E^ 1 ). 
For each (</>&, ip k ), we choose X k such that 

max xeDs{p) E(4> k ,ij k ] D Xk (x)) = y, 

and then choose x k G -0,5 such that 

E((f) k ,^ k ;D Xk (x k )) = y. 

We may assume that A& — > and x k — > p as — > oo. Let 

fc (x) := fc (a;fc + A fc x), ^(rr) := A fc 2 ^fc(^fe + A fc x), 

then 

J5(5» fc ,^i;£)i(0)) = E((p k ,ip k ;D Xk {x k )) = y < e , 

-Dx) = £(0fc, D XkK (x k )) < A, 
from the e— regularity theorem Theorem 3.2, we have a subsequence, still denoted 
by (0 fc , , that strongly converges to some (0, -0) in iy 1,2 (.D R , N) x L A (Y>D R x M^) 
for any i? > 1. Thus, we get a nonconstant Dirac-harmonic map (<p,ip) on IR 2 , and 
by stereographic projection, we obtain a nonconstant Dirac-harmonic map (a 1 ,^ 1 ) 
on § 2 \{iV} with bounded energy. By the regularity theorem, we have a nonconstant 
Dirac-harmonic map (a 1 , £ x ) on the whole S 2 , this is the first bubble at the blow-up 
point p. 
Let 

A(5, R, k) := {x G R 2 \\ k R <\x-x k \< 5}, 
then to prove the assertion of (|3.3U|) and (|3.31|) is equivalent to proving 

(3.32) lim jR ^ oo lim 5 ^ o limfc- > oo-E(0fe; A(5, R, k)) = 0, 

(3.33) lim^oolim^ohmfc^oo-E^fc; A(6, R,k)) = 0. 
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Now let (r k ,9 k ) be the polar coordinate system centered at x k , / : R x §' ^ 
R 2 , fit, 9) = (e~*, 9), where R x S 1 is given the metric g = dt 2 + d9 2 , which 
is conformal to ds 2 on R 2 : = e 2t ds 2 . Denote := f*<f) k , '■= f*ipk, 

then E(<&k,^k) < A since the energy functional is conformally invariant. Denote 
T := |log5|, P T := [T ,T + T] x S 1 , T > 0, then ($ fc ,* fc ) - (f0, /*V0 := *) 
strongly on Pr for any T > 0, hence 

E($ k ,^ k ;P T ) -^E(<p,i/);D s \D Se - T ), as fc -> oo. 

Given any small e > 0, since t/>) < A, we may choose 5 > small enough 
such that E((f),ip; D$) < e/2, then for any T > 0, there is a fe(T) such that when 
k > k(T), 

(3.34) E{$ k , P T ) < |. 
Similarly, denote T fc := |logAfci?|, QT,fc : = Pfc — T, T fc ] x S 1 , then 

(3.35) E{$ k ,y k ;Q T)k ) < |, k>k{T). 
Now we prove that there is a A" > such that if k > K, then 

(3.36) / (|d$ fc | 2 + |^ fc | 4 ) <e, VtG [T ,T k -l]. 

Suppose this is false, then there exists a sequence of {t k } such that t k — > oo as 
A; — > oo, and 

/ (|d$ fc | 2 + |^| 4 )>£, Vt G [T ,T fc -l], 

because of (I3.34|) and (|3.35|) . we know that t k — T , T k — t k — > oo, by a translation 
from t to t — t k , we get some \l/fc), and for all /c the following holds 

(3.37) / (\d$ k \ 2 + \V k \ 4 )>e. 

By our assumption on (<fi k ,^ k ), we may assume that ($ k ,ty k ) weakly converges to 
($00, vl/oo) in W^' c 2 x Lf oc (R x S 1 ). If this is strong convergence on [0, 1] x S 1 , then we 
obtain a nonconstant Dirac-harmonic map ($oo, ^oo) on the whole K x S 1 , and hence 
a nonconstant Dirac-harmonic map (<Joo, £oo) on S 2 / {AT, S} with finite energy. Again 
by the regularity theorem, we have a nonconstant Dirac-harmonic map (croo,£oo) on 
S 2 , a contradiction to the assumption that L = 1. On the other hand, if ^ k ) 
does not strongly converge to ($oo ; ^oo) on [0, 1] x S 1 , then we may find some point 
(t ,9 ) G [0, 1] x S 1 at which {($ fc ,\I/ fc )} blows up, in this case, we can still get a 
second nonconstant Dirac-harmonic map (coojCoo) on § 2 , again contradicting L = 1. 
Therefore, (j3.36|) holds true. 

Now from (j3.36J) and the e— regularity theorem, we have 

H^felU«'([t,t+i]xS 1 ) < C^/e, 
where C > is a constant independent of t. Back to R 2 , we have 

(3.38) \d(f> k \(x) < r = r(x) = |x|, x G A(5, i?, fc), 
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from which we can conclude that 

(3.39) \\d(pk\\ L (^)(A(s,R,k)) <Cy^, 

where || ■ \\LV,°°)(A(s,R,k)) denotes the norm in L^ 2 ' 00 ^ (cf. [Z]). 
On the other hand, we know that (for the target S n ): 

+ [(4<T - 0>™) - (e 2 • i/,*, V> m W 2 ] 
belongs to the Hardy space H 1 , so we have 
(3-40) \\d<f>k\\ L W(A(5,R,k)) < C , 

where 1 1 • \\ 1(2,1) fA(s,R,k)) denotes the norm in the l/ 2 ' 1 ) space. Therefore, by the duality 
of and L^°°\ (EH) and fl3ZDD we have 

\d(j)k\ 2 < IM0fc||i(2,oo)( A ( 5]i j ifc)) ||rf0fc||i(2,i)( J 4(5,R,A : )) ^ 

A(S,R,k) 

that is, for k, R large enough, 5 small enough, 

E(<f> k ;A(8,R, k))<Ce, 

which proves (|3.32j) . 

Now we turn to the proof of f)3.33j) . Choose a cut-off function rj on D(xk, 26) as 
follows: 

r)eC™{D 2S \D XkR/2 ); rj = 1 in D s \D XkR 
\Vr)\<C/5 in D 2S \D S ; |V?7| < C/A fcj R in D XkR \D XkR/2 , 
where we denote D$ := D(xk,5) etc. for simplicity. Then from ^(rjtpk) — V^k + 
Vr/ ■ ipk, we have 

< C|||77||tZ^||^ fc | + IVTjUVfcl 



4 

'L3 



< C||d0fc||L2(X(M,fl/2,fc))HV'fe|U*(A(2« ) Jl/2,*)) +C[ / (|Vr/||^ fe |) ! 

JA(28,R/2,k) 

< CVi+[/ (|Vr/||^|)t]f + [/ (iVryl^l) 

JD 26 \D S J Dx k u\Dx k R/2 

where in the last line we used ()3.32|) . By the definition of 77 we have 



M 
34 



i-,2 
13 4 



- , fc||L 4 (A(5,_R,fc)) 



! D 2 s\D s JDx k n\D XkR/2 

< Cy/i + Ce* + Ce 1 *, 

where in the last step, we used f!3.36|) . This proves ()3.33|) . Therefore, the energy 
identities holds true for the case L — 1. 

For a fixed blow-up point p, the number L of bubbles (cr, £) must be finite. This 
follows easily from the fact that there is a number C(§ n ) > such that for all 
nonconstant Dirac-harmonic maps (a, £) : 8 2 — > S n , we have 

£(a,£;§ 2 )>c7(§"). 

In fact, by Theorem 3.1, there is a constant Eq > such that if E(a, £; § 2 ) < £o ; 
then cr = const, and ■?/> satisfies the Dirac equation (Mi = on S 2 which implies that 
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ip = 0. We therefore have E(cr,£; S> 2 ) > 6q for all nonconstant Dirac-harmonic maps 

The case of L > 1 can be proved by induction on the number L, we omit the 
details, as one may see the argument in [I]. □ 

Remark. From the proof we see that at each blow-up point p$ (i — 1, 2, • • • , I), the 
Dirac-harmonic maps (aj, £j) : S 2 — > S n , / = 1, 2, ■ ■ • , Lj in Theorem 3.6 come from 
the blow-up process at p^. 
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